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The Bellman Equation

V(k) = mcax{u(c) + BV(K')}

subject to k' = f(k) — c.

Principle of Optimality (Bellman, 1957)
An optimal policy has the property that, regardless of the initial state, the remaining decisions
must constitute an optimal policy.



Contraction Mapping

Blackwell’s Sufficient Conditions

The Bellman operator T is a contraction if it satisfies monotonicity and discounting.

Consequence: iterating V.1 = TV, converges to the unique fixed point V* from any initial
guess.

This is the theoretical foundation of value function iteration.



Value Function lteration

Algorithm:

1. Discretise the state space

2. Guess Vy(k)

3. For each k: Vii1(k) = max{u(c) + BVa(k')}
4. Repeat until |V,41 — Vil < e

This is the algorithm you implement in PNM Week 8.



Analytical Benchmark

With u(c) = Inc and f(k) = k*:
Optimal savings rate: s = af
Policy function: c¢*(k) = (1 — af)k®

Use this to verify your numerical code!



= Bellman equation: recursive formulation of dynamic problems
= Contraction mapping = VFI converges

= Policy function: the optimal decision rule

= Connects directly to PNM Weeks 8-10

= Next week: frontiers — stochastic DP, SGD, and beyond



